Abstract-When ferrite materials are used in the design of the CBS antennas, they are usually magnetized by the applied magnetic field produced by an electromagnet or permanent magnets. In modeling of such antennas, it is common practice to ignore the actual distribution of the applied field and assume it is uniform. We demonstrate that such an assumption leads to inaccurate results when the applied field is severely non-uniform. In contrast to the previous formulations, a formulation presented here leads to accurate modeling and simulated results compare very well with measurement for both uniform and non-uniform field distributions. The utility of the proposed approach is especially evident for the case when the applied magnetic field is severely non-uniform.
I. INTRODUCTION

C
AVITY BACKED slot (CBS) antennas belong to the family of aperture antennas. Such antennas usually consist of a metallic enclosure (cavity), part of which is open to allow radiation of the electromagnetic waves. Examples of aperture antennas are slots, open waveguides and horns [1] .
Loading cavity antennas with ferrite materials introduces a number of desirable features such as miniaturization, beam steering, reconfigurability (tunability), etc. Many of these features are a consequence of the non-linear nature of the ferrite materials; in particular, dependence of the permeability of the ferrite on the intensity of the biasing magnetic field. For example, it is possible to change the resonant frequency of a ferrite-loaded (CBS) antenna by varying the strength and/or direction of the biasing field. Thus, such an antenna can be considered as reconfigurable in terms of its resonant frequency.
Earlier attempts to study the effects of the ferrite materials on the radiation characteristics of the aperture antennas date back to the 1950s through 1970s [2] - [4] when the analysis was mainly carried out through measurements. With the advancement of the computational resources and increase in their efficiency, full-wave simulation techniques became very popular [5] - [7] . However, the accuracy of these methods often relies on the accuracy of the fundamental mathematical models describing a given phenomenon. In the case of the ferrite materials, one such model/quantity is known as the frequency dependent permeability tensor which describes the response of the ferrite to the time-harmonic electromagnetic field. Although the mathematical expressions for this tensor are well known [8] , they depend on the magnetic field inside the ferrite material, an accurate computation of which can be a rather challenging task. Thus, the accuracy of the modeling of a ferrite-loaded CBS antenna depends on the accuracy of the permeability tensor which, in turn, depends on the accuracy of the computed internal magnetic field. Modeling and simulation of this field, and its effect on the radiation characteristics of the ferrite-loaded CBS antenna are the main topics of this paper.
At this point it is important to make a distinction between three magnetic fields which will be mentioned in the paper:
• Applied (external) magnetic field;
• Demagnetizing magnetic field;
• Internal (biasing) magnetic field. The applied field is produced by the sources such as a permanent magnet and/or electromagnet. The demagnetizing field is due to the magnetization of the ferrite material, and it is usually in the opposite direction to the applied field. The internal field is the actual magnetic field inside the ferrite material which, in general, depends on the other two fields. Depending on the mathematical model for the internal magnetic field, the applied and demagnetizing fields may have to be determined explicitly.
Our analysis closely follows that of [6] and [9] . In general, the internal magnetic field is non-uniform because of the finite dimensions of the ferrite material and the non-uniform applied magnetic field. However, to simplify the analysis, approximations are often made. The formulation in [6] is based on two main assumptions:
• Applied magnetic field is uniform;
• Demagnetizing magnetic field is uniform. As a consequence, the internal magnetic field is also uniform; same direction and magnitude everywhere in the ferrite material. The assumption of the uniform fields was introduced by averaging the magnetic field distributions. The details of this formulation can also be found in [10] . Although the results presented in [6] are in good agreement with measurements, we were able to show that by removing the above-mentioned assumptions it is possible to obtain slightly more accurate predictions at the expense of a more complex procedure [11] .
In [9] and [12] , it was suggested that better accuracy can be achieved if the non-uniform internal magnetic field is obtained directly by solving the non-linear magnetostatic problem. However, in the formulation of the magnetostatic problem, it was assumed that the applied field is still uniform (by averaging). Therefore, such solution is only partially valid because the non-uniformities of the computed internal field are solely due to the finite dimensions of the ferrite material. Ignoring the actual applied magnetic field distribution cannot always be justified. In fact, we demonstrated in [13] that when the non-uniformities are severe, averaging the applied field is unacceptable and leads to inaccurate results.
In this paper, we consider a CBS antenna loaded with the ferrite material which is subjected to a severely non-uniform applied magnetic field. Our goal is to achieve the following:
• Demonstrate the significance of the non-uniform applied magnetic field; • Demonstrate that the procedures used in [6] and [9] are unable to provide adequate accuracy; • Demonstrate that to improve the accuracy, the non-uniform applied magnetic field distribution should be incorporated in the modeling; • Present the procedure for the more accurate modeling of the ferrite-loaded CBS antennas; • Simulate results and compare with measurements. The fundamental difference between this work and [11] is that our previous treatment is based on the same general equations used in [6] . Such analysis implies explicit computation of the applied and demagnetizing fields. Difficulties associated with the accurate computation of the latter make this approach prone to inaccuracies. On the other hand, the procedure presented here is based on the solution of the magnetostatic problem and does not require explicit computation of the applied and demagnetizing fields. Therefore, the current procedure is expected to have superior accuracy.
As will be shown in Section VII, the main advantage of the present approach is that it can be used for modeling of a ferrite-loaded CBS antenna when the applied magnetic field is severely non-uniform. Otherwise, when the non-uniformities are not severe, the applied field can be averaged and a simpler procedure [6] may be used with sufficient accuracy.
II. OUTLINE
Our analysis consists of three main steps shown in the diagram in Fig. 1 . The first step constitutes a magnetostatic problem. Solution of this problem is presented in Section IV where three approaches of computing the internal magnetic field are discussed and compared. The next step is the computation of the frequency dependent permeability tensor for the ferrite material. This tensor is essentially a 3 3 matrix. The mathematical expressions for the components of the tensor are well known and can be found in the literature [8] , [14] . Computation of the permeability tensor is discussed in Section V. The last step is the solution for the antenna radiation which is solved using a hybrid FEM/MoM technique [15] . The exterior of the problem is treated using MoM, whereas the interior is treated using FEM. The two formulations couple at the aperture through the continuity condition for the tangential components of the electromagnetic field. Details of the formulation can be found in [10] . The simulated results are compared with measurements in Section VII.
III. GEOMETRY AND BIAS
A photo of the actual CBS antenna employed in the measurements is shown in Fig. 2(a) and the dimensions are indicated in Fig. 2(b) , (c). The cavity is aluminum, and its total dimensions are . The top side of the cavity is open and constitutes the aperture through which the EM fields The cavity is excited with a triangular probe oriented in the -direction. The probe is soldered to the inner conductor of the 50-coaxial cable. The coax dielectric is Teflon with the inner and outer radii of 0.04191 cm and 0.1341 cm, respectively. The coax is attached to the cavity at the center of the wall, 2.54 cm from the bottom. A triangular probe is used, instead of a circular one, because it was found to provide better impedance match to the coaxial line.
The cavity is loaded with one layer (1.27 cm thick) of ferrite material. Two different ferrites are used in the simulations and measurements:
• G-475 (aluminum doped);
• G-1006 (gadolinium-aluminum doped). These materials are actually garnets manufactured by TransTech [16] (we will continue to refer to them as ferrites). Material characteristics relevant to our analysis are listed in Table I , where is the dielectric constant, is the initial permeability, -Landé factor, -saturation magnetization, and is the linewidth. Biasing of the ferrite material can be achieved by means of the two-pole or one-pole electromagnet as shown in Fig. 3 (permanent magnets can be used as well [11] ). A side view of the one-pole configuration is shown in Fig. 4 . We would like to note that designation of the electromagnet configurations as one-pole and two-pole is just a convenient way of distinguishing them. Obviously, both electromagnets have two poles. In the two-pole configuration, the cavity is placed between the two poles of the electromagnet, Fig. 3(a) ; whereas, in the one-pole configuration only one side of the cavity is next to the pole and the other side is free, Figs. 3(b) and 4. Using one-pole electromagnet, instead of the two-pole, allowed us to enhance the non-uniformity of the internal magnetic field. Total dimensions of the one-pole electromagnet are . Our electromagnet was designed and assembled in our laboratory. The coil of the one-pole electromagnet can support a maximum current of for a short period of time before it gets too hot. At the maximum current, the magnet generates a magnetic field of 250 Gauss at a distance of 4.47 cm away from the center of the pole; point (0.0, 0.0, 2.54) cm in Figs. 3, 4 (center of the cavity).
IV. INTERNAL MAGNETIC FIELD
A. Uniform Field: Approach 1
The first step in the numerical analysis of the ferrite-loaded CBS antennas is the computation of the magnetic field inside the ferrite material (internal magnetic field). It is common practice to express this field as a superposition of two magnetic fields (1) where , , and are the internal, applied, and demagnetizing magnetic fields, respectively. The applied magnetic field can be found by solving the magnetostatic problem using, for example, the finite element method (all materials have to be removed from the cavity). When permanent magnets are used, it may be possible to obtain this field using the Biot-Savart Law [17] .
Computing the demagnetizing field is more difficult, but it can sometimes be expressed as [18] (2)
where represents the components of the magnetization vector and the elements of the demagnetizing tensor, . The vector equation (1) can be simplified if all the quantities are assumed to be scalar (3) where represents the volumetric average of the applied field, is the saturation magnetization, and is the ballistic demagnetizing factor [19] .
Equation (3) is currently the most widely used expression for the internal magnetic field [8] , [14] , [20] . It was used for the modeling of the ferrite-loaded CBS antennas in [6] . We will refer to that procedure as Approach 1. In summary, it consists of the following steps:
• Remove all the materials from the cavity and compute/ measure the applied magnetic field in the volume of the cavity where the ferrite material is supposed to be; • Compute the average applied magnetic field; • Find the ballistic demagnetizing factor; • Compute the demagnetizing field;
• Compute the internal magnetic field using (3).
B. Non-Uniform Field: Approach 2
The advantage of (3) is its simplicity; however, it does require explicit knowledge of the applied and demagnetizing fields. As an alternative, can be found by solving the non-linear magnetostatic problem. The following is the procedure used in [9] , and we will refer to it as Approach 2:
• Remove all the materials from the cavity and compute/ measure the applied magnetic field in the volume of the cavity where the ferrite material is supposed to be; • Compute the average applied magnetic field;
• Solve the non-linear magnetostatic problem for the internal magnetic field using the total scalar potential formulation. As a model for the static permeability, [9] used the following expression [21] (4) where is the "corner" magnetic field where the magnetization reaches 0.707 of its saturation value ( for the ferrite G-475 and for the ferrite G-1006), and is the magnitude of the internal magnetic field.
C. Non-Uniform Field: Approach 3
Approach 2, used in [9] , suffers from the following drawbacks:
• The total scalar potential formulation does not include sources (only ferrite material is modeled); • Knowledge of the applied magnetic field is required; • Applied magnetic field is assumed uniform (averaging); • Static permeability is based on (4). The approach of this paper will be referred to as Approach 3. The non-linear magnetostatic problem depicted in Figs. 3 and 4 consists of the electromagnet iron core, coil, and the ferrite material. The probe and the aluminum cavity walls have negligible effect on the DC magnetic field and therefore can be ignored.
The problem statement is the following: "Knowing the current in the coil, what is the magnetic field inside the ferrite material?" There are a number of ways such a magnetostatic problem can be formulated; we used the reduced scalar potential approach [22] . The problem is solved using the nodal finite element method. The entire structure is enclosed in a finite rectangular box of ( ) with the Dirichlet boundary conditions on the sides of the box (magnetic potential is zero on the sides of the box).
To solve this problem, it is necessary to know the initial magnetization curve for the ferrite material. Fig. 5 shows the hysteresis loops provided by Trans-Tech for the ferrites in Table I [16]. Based on these hysteresis loops, we approximated the initial magnetization curve using the following expression (5) where is the magnitude of the internal magnetic field, -initial permeability, and are adjustable parameters. The initial magnetization curves based on this equation are the dashed lines in Fig. 5 . The numerical values for the parameters used in (5) are given in Table II . If the magnetic field is expected to be strong, the second term in (5) can be omitted because its impact at such fields is negligible.
Equation (5) has the following asymptotic behavior
where (6) is known as the Rayleigh law for low-field behavior and (7) is the Frolich-Kennely expression for the anhysteretic magnetization also known as the approach to saturation magnetization behavior [23] . Clearly, (5) was obtained by adding these terms together. To smooth out the transition between them we introduced the exponential terms and . Parameters were adjusted to obtain the dashed curves in Fig. 5 .
Thus, instead of using (4), our static permeability is based on (5);
. This permeability should not be confused with the permeability tensor of Section V. Since (5) is a function of the unknown internal magnetic field, the magnetostatic problem has to be solved iteratively. The following update equation was used during the process [24] , where and are the permeabilities for the current and previous iterations, respectively, and and satisfy the relationship .
D. Internal Magnetic Field: Comparison
The three approaches for the computation of the internal magnetic field are compared in Fig. 6(a) for the two-pole electromagnet and in Fig. 6(b) for the one-pole electromagnet. The black and gray areas represent the poles of the electromagnet and the cavity walls, respectively. The distributions are plotted along the center-line of the ferrite material; line Figs. 3 and 4 . The current in the coil was set to and for the two-pole and one-pole electromagnets, respectively. The ferrite material is G-475. Table III summarizes some quantities of interest for the three approaches.
Since the actual internal magnetic field inside the ferrite material is non-uniform, the curves with circular markers in Fig. 6 exhibit better representation of the true field distribution. It is important to notice that the non-uniformities of the field in Fig. 6(a) are not very severe (line with circular markers); they fall in the range 16-26 kA/m. Thus, input impedance predictions based on the uniform distribution (solid gray curve) may still be sufficiently accurate. On the other hand, the non-uniformities in Fig. 6(b) are very severe since they fall in the range 0-55 kA/m. Approximating such a field with the uniform distribution is unacceptable because it leads to very inaccurate results, as demonstrated in Section VII. Moreover, Fig. 6(b) clearly demonstrates that although the field distribution based on the approach 2 is non-uniform (line with square markers), it is inaccurate because it does not reflect that the ferrite is biased by one-pole electromagnet; qualitatively, this distribution is the same as the corresponding one for the two-pole electromagnet in Fig. 6(a) . Comparison of the input impedance simulations based on these field distributions is presented in Figs. 8 and 9 of Section VII.
V. PERMEABILITY TENSOR
Derivation of the frequency dependent permeability tensor can be found in almost any book covering ferrite materials [20] , [25] . It is common practice to assume that the internal magnetic field is unidirectional (has only one component). When the field is not unidirectional, the derivation follows the same steps and the permeability tensor can be written as [17] , [26] (8) where, is the (3 3) identity matrix and (9) (10)
In (9), , , is the gyromagnetic ratio, is the Landé factor, is the saturation magnetization, is the magnitude of the magnetic field inside the ferrite material, and is the permeability of free space. In (10), the direction cosines are defined as where . When is in the arbitrary direction, (8) is, in general, a full tensor with no zero entries. However, if is unidirectional, (8) reduces to the well known expressions usually found in the literature [8] . For example, if the internal magnetic field has only component, (8) becomes (11) where . When the permeability tensor is computed in approach 1, it is found to be constant throughout the ferrite material, i.e. (8) is the same everywhere in the ferrite material. In contrast, in approaches 2 and 3, (8) is position dependent; it is different at every point in the ferrite because the magnitude of the internal field, , is varying with position. Thus, as far as the FEM part of the analysis is concerned, in approach 1, (8) is computed only once for each frequency and then applied to all the elements in the ferrite domain; whereas, in approaches 2 and 3, each element is assigned an individual and, in general, unique permeability tensor.
When the real part of the effective permeability, , [8] is plotted versus internal field , it can be seen that in approach 1 it is constant and positive throughout the ferrite material. On the other hand, in approaches 2 and 3, this quantity is non-uniform and can even become negative, indicating cut-off regions. Such regions may have significant impact on the distribution of the time-dependent EM fields and, as a result, radiation characteristics of the antenna.
VI. MEASUREMENT SETUP
A photo of the CBS antenna under test is shown in Fig. 7(a) and the setup for performing S-parameter measurements is depicted in Fig. 7(b) . The instrumentation is an HP8510C Vector Network Analyzer configured with an S-parameter test set, and a synthesized source. The CBS antenna is located between the poles of a hand-wound electromagnet, shown in the lower left corner of the photograph. The magnet is placed on a non-ferrous platform. To its right is a dc power supply.
The first step is to determine the current required to produce the desired dc magnetic bias field in the antenna cavity. With the empty cavity between the poles of the magnet, the probe of a Gauss meter is lowered into the center of the cavity. The applied magnetic field is monitored while the power supply current is increased. The power supply should be operated in constant current mode. Otherwise, as the electromagnet's coils heat up, their resistance increases and the current will change, thus changing the magnetic field magnitude.
After determining the current needed to produce the desired magnetic field, the network analyzer is calibrated at the end of the instrument cable. The standard open/short/load calibration is used. The microwave source is operated in "Step Frequency" mode in which each frequency is phase locked. An IF averaging factor of 128 or more is used.
After calibration, the measurement phase reference plane is co-located with the calibration plane at the mating surface of the APC-3.5 connector of the instrument cable. To correspond with simulations, the reference plane needs to be shifted to the inside surface of the cavity.
Finally, the antenna is loaded with ferrite material, the ground plane is attached, and the antenna is placed between the poles of the electromagnet. It is a good idea to hold down the upper pieces of ferrite by inserting a piece of expanded polystyrene into the aperture and applying transparent adhesive tape across it and to the ground plane on either side. Otherwise, it is possible for the ferrite to "float" upward when the magnetic bias is applied.
VII. PREDICTIONS AND MEASUREMENTS
The ferrite-loaded CBS antenna is shown in Fig. 2 . As was mentioned in Section III, the physical cavity is mounted on the finite ground plane; however, in the simulations we assumed infinite ground plane for simplicity. The interior of the problem, which is composed of the cavity and the coaxial cable, was meshed using linear tetrahedral edge elements [27] . In the FEM model, the coaxial cable is truncated at a distance from the coax-cavity interface; see Fig. 2 . This truncation point serves as the excitation plane of the problem. The excitation is the dominant TEM mode.
The dominant mode propagates towards the coax-cavity interface where it is partially reflected back towards the excitation plane. The reflected TEM mode is absorbed at the excitation plane by means of the first-order absorbing boundary condition. This is necessary to prevent the reflected wave from destroying the initial dominant mode excitation.
In addition, the coax-cavity interface represents a discontinuity where multiple higher-order modes can be created. Interference of these modes with the initial excitation is also undesirable. However, these modes exhibit fast attenuation. Therefore, to prevent such interference, the modeled length should be long enough to ensure sufficient attenuation of the higher-order modes. On the other hand, the coaxial cable region introduces many unknowns during the numerical analysis; therefore it is desirable to keep it as short as possible. It was found that the distance should be at least . As far as the ferrite materials is concerned, the nominal values given in Table I are subject to tolerances. We found that our predictions exhibit better match with measurements if the nominal values are slightly adjusted within the tolerance margins. The actual ferrite parameters used in the simulations are given in Table IV . Fig. 6(a) . The ferrite material is biased using two-pole electromagnet, Fig. 3 We are primarily interested in the input impedance of the ferrite-loaded CBS antenna computed at the coax-cavity interface. Fig. 8 presents the comparison between the predictions and measurements when the two-pole electromagnet is used for biasing; see Fig. 3(a) . The ferrite material is G-475. The black curve represents the measurements and the three predictions are based on the corresponding internal magnetic field distributions in Fig. 6(a) . The resonance is quite sharp and the three predicted frequencies are off by approximately 5 MHz which constitutes only 0.54% error at the resonant frequency of 0.93 GHz. Such an error can be considered negligible. As expected, the non-uniform model based on approach 3 exhibits the best agreement with measurements. However, the uniform model, approach 1, also demonstrates reasonably good agreement; for the most part, the gray curve follows the black very closely with the main difference being in the overestimated peak amplitude ( 150 ohms higher). The prediction based on the approach 2, on the other hand, underestimates the peak amplitude by 150 ohms.
To better demonstrate the superiority of the approach 3, we enhanced the non-uniformities of the internal field by using one-pole electromagnet as shown in Fig. 3(b) . Fig. 9 presents the comparison between the predictions and measurements for such biasing. Again, the black curve represents the measurements and the three predictions are based on the corresponding field distributions in Fig. 6(b) . The non-uniform model based on approach 3 is in excellent agreement with the measurements. In fact, the measurements and predictions can hardly be distinguished on the scale of the figure; a magnified view can be seen Fig. 6(b) . The ferrite material is biased using one-pole electromagnet, Fig. 3 in Fig. 10(c) . The models based on approaches 1 and 2, on the other hand, resulted in not very accurate predictions.
Simulations in Figs. 8 and 9 show that the accuracy of the predictions based on the approaches 1 and 2 deteriorates as the severity of the non-uniformities in the internal magnetic field increases. It is also evident that significant improvement in accuracy can be achieved if approach 3 is used. To support this statement and show consistency of the results, we simulated three magnetization states for each ferrite material in Table IV . Different magnetization states were achieved by setting the current in the coils to , 4, 7 amperes. Predictions are compared with measurements in Fig. 10 for the ferrite G-475 and in Fig. 11 for the ferrite G-1006. Besides measurements, each figure includes three sets of simulations, one for each model for the internal magnetic field. The internal field for the uniform model based on (3) is given in Table V . The ballistic demagnetizing factor is . As can be seen in Figs. 10 etc., can introduce uncertainties which are difficult to quantify and take into account. Moreover, not only do ferrite parameters are subject to tolerances, but they are also known to depend on frequency. According to the Trans-Tech catalog [16] , the nominal values were measured at 9.4 GHz which is ten times higher than the resonant frequency of 0.9 GHz in Figs. 10 and 11. Thus, it is not unreasonable to assume that the actual values can be slightly different. Finally, it should be noted that even though we were primarily interested in the input impedance predictions, we also performed several simulations of the radiation patterns. However, unlike the input impedance, the simulated patterns were found to be almost identical for the three approaches; the maximum difference in the gain was found to be about 2 dB. Therefore, to conserve space, we decided not to include them and only present the discussion and explain why the three models produce such similar patterns. The radiation patterns are mainly affected by the time-dependent EM field distributions in the (3) aperture. However, the main difference between the three approaches is the static magnetic field distributions within the ferrite material. These static distributions directly affect the permeability tensor and therefore the time-dependent EM fields in the ferrite. Away from the material, however, the EM field distributions are mainly governed by the geometry of the cavity (boundary conditions). Since the ferrite is located at the center of the cavity, away from the aperture, the time-dependent EM field distributions in the aperture are almost identical for the three approaches and, as a result, the computed radiation patterns are also almost identical.
VIII. CONCLUSIONS
This paper advances the modeling and simulation of ferriteloaded CBS antennas. The antenna considered here is loaded with the ferrite material subjected to a severely non-uniform applied magnetic field. It is common practice to average these non-uniformities and assume that the applied field is uniform.
We demonstrated that such approach should be used with caution because non-uniform applied field induces non-uniform internal magnetic field, which is a critical quantity in the analysis.
Three approaches for the computation of the internal magnetic field were compared:
• Approach based on the uniform applied and internal magnetic fields; • Approach based on the uniform applied and non-uniform internal magnetic fields; • Approach based on the non-uniform applied and internal magnetic fields. It was shown that the accuracy of the input impedance predictions based on the approaches assuming uniform applied field deteriorates as the severity of the non-uniformities increases. Much better accuracy can be achieved if the non-uniform applied magnetic field distribution is explicitly included in the modeling. The procedure presented here clearly demonstrates this premise. The consistency of the predictions is shown by simulating three magnetization states for two different ferrite materials.
